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We study the Higgs sector of the minimal supersymmetric standard model extended with vector-
like quarks, at the one-loop level. The radiative corrections to the tree-level masses of the scalar
Higgs bosons are calculated by including the contributions from the loops of top quark, vector-like
quarks, and their scalar superpartners, for a reasonable parameter region. We find that the mass of
the lightest scalar Higgs boson at the one-loop level should be larger than 85 GeV, if we take into
account the negative experimental result for the Higgs search at LEP2. As the radiative corrections
are calculated in some detail, we also find that the mass of the lightest scalar Higgs boson at the
one-loop level is bounded from above at 280 GeV, This upper bound is increased from a previous
result. It may provide a wider possibility for the future collider experiments to discover the lightest
scalar Higgs boson of this model.
PACS numbers:
I. INTRODUCTION
Although the minimal supersymmetric standard model
(MSSM) [1-5] is the simplest version among the super-
symmetric extensions of the Standard Model (SM), with
just two Higgs doublets, there are some arguments that it
should be extended [6]. One of the motivations to extend
the MSSM may be the fine-tuning problem, which states
that the radiative corrections to the tree-level mass of
the lightest scalar Higgs boson in the MSSM should be
large enough to be consistent with the experimental lower
bound on the Higgs boson mass at LEP2, around 114
GeV. If the radiative corrections are not large enough,
the lightest scalar Higgs boson in the MSSM might face
the difficulty of incompatibility with experiments.
In the next-to-MSSM [7-10], where an additional Higgs
singlet is introduced to the MSSM, the fine-tuning prob-
lem may be alleviated by the contributions from the
Higgs singlet. The presence of the Higgs singlet increases
the upper bound on the tree-level mass of the lightest
scalar Higgs boson in the next-to-MSSM up to about
115 GeV, and thus the radiative corrections need not be
large enough to be consistent with LEP2 data [11-38].
The burden of the fine tuning in the MSSM might also
be reduced by adding extra quarks, such as the sequential
quarks or the vector-like quarks. If the additional quarks
are those of the fourth generation, with masses at about
400 GeV, it has been shown that the mass of the lightest
scalar Higgs boson in the MSSM might increase up to 400
GeV [39]. If the additional quarks are vector-like quarks,
as proposed about two decades ago by Moroi and Okada
[40,41], the fine tuning problem might be solved by the
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radiative corrections due to the contributions from the
vector-like quarks and the vector-like scalar quarks. The
vector-like quarks and their superpartners increase the
mass of the lightest scalar Higgs boson well above the
LEP2 bound, without requiring a large SUSY breaking
scale as 2 TeV [40-46].
Recently, in the extension of the MSSM with vector-
like quarks, Martin has investigated the one-loop cor-
rections to the mass of the lightest scalar Higgs boson
[46]. He has shown that the radiative corrections due to
the vector-like quarks and vector-like scalar quarks may
be as large as about 55 GeV, if the mass of the light-
est scalar Higgs boson before correction is 110 GeV. His
result has been obtained by neglecting some soft SUSY
breaking parameters to simplify the 4× 4 mass matrix of
the vector-like scalar quarks into two 2× 2 submatrices,
and assuming that the weak eigenstates and the mass
eigenstates of the vector-like quarks are identical.
In this article, we show that the one-loop mass of the
lightest scalar Higgs boson may be even as large as 280
GeV if we carry out the calculations without the above
simplifications assumed in Ref. [46], by taking into ac-
count the contributions from top quark and vector-like
quarks and their scalar superpartners at the one-loop
level. The masses of the vector-like quarks are assumed
to lie in the range of 300 GeV to 550 GeV, and the masses
of the vector-like scalar quarks in the range of 200 GeV
to 910 GeV. The lower bound on the mass of the light-
est scalar Higgs boson in this model is determined such
that it should not have been discovered at LEP2 with a
mass smaller than its lower bound. The negative experi-
mental result for the Higgs search at LEP2 set the lower
bound on the mass of the lightest scalar Higgs boson as
85 GeV. We may note that, since the mass of the light-
est scalar Higgs boson can be sufficiently large, there are
wide regions in the parameter space of the extensions of
the MSSM with vector-like quarks which shall be exam-
ined by the Higgs search in future high-energy collider
experiments.
2II. HIGGS BOSONS
Martin have investigated several versions of exten-
sions of the MSSM with the vector-like matters in Ref.
[46]. To be specific, we study the QUE model among
them, where three vector-like chiral fields are introduced
to the MSSM. These vector-like fields transform under
SU(3)C × SU(2)L × U(1) as
Q = (3,2, 1/6), Q¯ = (3¯,2,−1/6),
U = (3,1, 2/3), U¯ = (3¯,1,−2/3),
E = (1,1,−1), E¯ = (1¯,1, 1), (1)
where Q, Q¯, U , and U¯ are the vector-like quark fields,
while E and E¯ are the vector-like lepton fields. In terms of
physical particles, this model has, in addition to the SM
quarks and leptons, V1 and V2, quarks with charge +2/3,
B′, a quark with charge −1/3, and a charged lepton L′,
together with their scalar partners V˜i (i = 1, 2, 3, 4), B˜i
(i = 1, 2), and L˜i (i = 1, 2).
The superpotential of our model may be written as
W = WMSSM +MQQQ¯+MUUU¯ +MEEE¯
+ kHuQU¯ − hHdQ¯U , (2)
where MQ, MU , and ME are the soft SUSY breaking
masses of the vector-like sector, and k and h are Yukawa
coupling coefficients to the Higgs fields Hu and Hd, with
the weak hypercharge +1/2 and −1/2, respectively.
The tree-level Higgs potential of our model is the same
as the Higgs potential of the MSSM at the tree level. It
is given as
V0 = m
2
u|Hu|
2 +m2d|Hd|
2 −
(
m2udHuHd +H.c.
)
+
1
8
(g1
2 + g22)
(
|Hu|
2 − |Hd|
2
)2
, (3)
where mu, md, and mud are the mass parameters, H
T
d =
(H0d , H
−
d ) and H
T
u = (H
+
u , H
0
u) are two Higgs doublets,
and g1 and g2 are respectively the gauge coupling coeffi-
cients for U(1) and SU(2). There are two neutral scalar
Higgs bosons and a neutral pseudoscalar Higgs bosons in
the MSSM. The vacuum expectation values (VEVs) de-
veloped by two neutral scalar Higgs bosons are denoted
as vd = 〈Hd〉 and vu = 〈Hu〉, and their ratio is repesented
by tanβ = vu/vd. In this article, we would not consider
the CP mixing between the scalar and pseudoscalar Higgs
bosons. Thus, the vacuum expectation values of the neu-
tral Higgs fields as well as the parameters of the Higgs
potential are all real.
Two mass parametersmd andmu can be eliminated by
the minimum equations with respect to the scalar Higgs
fields. Thus, just two paramaters, mud and tanβ, de-
scribe the tree-level masses of the scalar Higgs bosons.
They are given by the eigenvalues of the tree-level 2× 2
mass matrix, M0, for the scalar Higgs bosons. The ma-
trix elements of M0 are given explicitly as
M011 = m
2
Z cos
2 β +m2ud tanβ ,
M022 = m
2
Z sin
2 β +m2ud cotβ ,
M012 = −m
2
Z cosβ sinβ −m
2
ud , (4)
wherem2Z = (g
2
1+g
2
2)v
2/2 is the squared mass of Z boson,
with v =
√
v2d + v
2
u = 175 GeV. Note that the tree-level
mass of the lightest scalar Higgs boson is smaller than Z
boson mass.
In order to study the radiative corrections to the tree-
level Higgs boson mass, we evaluate the Higgs potential
at the one-loop level. The one-loop effective potential is
given by the effective pottential approximation as [47]
V1 =
∑
l
nlM
4
l
64pi2
[
log
M2l
Λ2
−
3
2
]
, (5)
where Λ is the renormalization scale in the modified
minimal subtraction scheme,Ml are the field-dependent
masses of quarks and scalar quarks, and nl are the de-
grees of freedom arising from color, charge, and spin fac-
tors of the particles in the loops, hence, nl = −12 for
quarks and nl = 6 for scalar quarks. We take into ac-
count top quark, vector-like quarks and their scalar su-
perpartners, as their contributions are significant for the
mass of the lightest scalar Higgs boson at the one-loop
level in our analysis. The full Higgs potential at the one-
loop level is thus
V = V0 + V1 . (6)
The masses of the scalar top quarks after electroweak
symmetry breaking may be expressed as
m2
t˜1,t˜2
=
(m2Q +m
2
T )
2
+m2t ∓
√
Xt , (7)
with
Xt =
[
m2Q −m
2
T
2
]2
+m2t
(
At − µ cotβ
)2
, (8)
where mQ and mT are soft SUSY breaking masses,
mt = htvu is the mass of top quark, with ht being the
Yukawa coupling coefficient for top quark, At is the trilin-
ear SUSY breaking mass parameter, and µ is a parameter
with mass dimension. Note that Xt represents the mix-
ing between the left-handed and the right-handed scalar
top quarks.
Next, let us study the vector-like sector of our model.
We adapt the notation of Re. [46]. The mass matrix for
the vector-like quarks at the tree level is given by
m2F =
(
MFM
†
F 0
0 M†FMF
)
, (9)
with
MF =
(
MQ kvu
hvd MU
)
, (10)
The squared masses of the two vector-like quarks, m2Vi
(i = 1, 2), are given by the doubly degenerate eigenvalues
of m2F .
3The mass matrix of the vector-like scalar quarks is given by
M2
V˜
= m2F +


m21 0 bΦ Akvu − kµvd
0 m22 Ahvd − hµvu bφ
bΦ Ahvd − hµvu m
2
3 0
Akvu − kµvd bφ 0 m
2
4

 , (11)
where bΦ and bφ are the soft SUSY breaking parameters
with mass-square dimension, m1, m2, m3 and m4 are
the soft SUSY breaking masses and Ak and Ah are the
trilinear mass parameters. We assume that they are all
real and yield real eigenvalues. We note that, unlike Ref.
[46], M2
V˜
cannot decomposed into two 2 × 2 submatri-
ces, since we keep non-zero off-diagonal elements in m2F .
Moreover, we do not neglect bΦ and bφ. This is the main
difference from Ref. [46].
Now, we apply the above formulae for the tree-level
masses of top quark, vector-like quarks, and their scalar
superpartners into the one-loop effective Higgs potential
in order to evaluate their contributions to the mass of
the lightest scalar Higgs boson. The masses of two scalar
Higgs bosons at the one-loop level are given as
m2S1,S2 =
1
2
[
Tr
(
M
)
∓
√(
Tr(M)
)2
− 4det
(
M
)]
,
(12)
where S1 is the lighter scalar Higgs boson as we define
mS1 < mS2 , and M is the 2× 2 squared mass matrix for
the scalar Higgs bosons at the one-loop level.
It is convenient to decompose M as
M =M0 +M t + 2MV +M V˜ , (13)
where M0 is the tree-level mass matrix, and M t, MV ,
and M V˜ respectively denotes the radiative corrections
due to the contributions from the loops of top quark
and scalar top quarks, from the loops of the vector-
like quarks, and from the loops of the vector-like scalar
quarks. Note that the factor of 2 on MV shows that two
vector-like quarks produce the same radiative corrections
due to the degeneracy between them. Let us calculate
each of these radiative corrections.
The radiative corrections due to the loops of top quark
and scalar top quarks are given as (i, j = 1, 2)
M tij =
3W tiW
t
j
32pi2v2
g(m2
t˜1
,m2
t˜2
)
(m2
t˜2
−m2
t˜1
)2
+
3AtiA
t
j
32pi2v2
log
(
m2
t˜1
m2
t˜2
Λ4
)
+
3
32pi2v2
(W tiA
t
j +A
t
iW
t
j )
log(m2
t˜2
/m2
t˜1
)
(m2
t˜2
−m2
t˜1
)
+Dtij , (14)
where
g(m2x,m
2
y) =
m2y +m
2
x
m2x −m
2
y
log
m2y
m2x
+ 2 , (15)
Dt = −
3
16pi2v2
(
m2tµAt cosϕ
sin3 β cosβ
)
f(m2
t˜1
, m2
t˜2
) ,
Dt11 = sin
2 βDt ,
Dt22 = cos
2 βDt ,
Dt12 = − cosβ sinβD
t , (16)
and
At1 = 0 ,
At2 =
2m2t
sinβ
,
W t1 =
2m2tµ(µ cotβ −At)
sinβ
,
W t2 =
2m2tAt(At − µ cotβ)
sinβ
, (17)
with
f(m2x,m
2
y) =
1
(m2y −m
2
x)
[
m2x log
m2x
Λ2
−m2y log
m2y
Λ2
]
+1 .
(18)
The radiative corrections due to the loops of the vector-
like quarks are given as (i, j = 1, 2)
MVij =
3WVi W
V
j
32pi2v2
g(m2V1 ,m
2
V2
)
(m2V2 −m
2
V1
)2
+
3AVi A
V
j
32pi2v2
log
(
m2V1m
2
V2
Λ4
)
+
3
32pi2v2
(WVi A
V
j +A
V
i W
V
j )
log(m2V2/m
2
V1
)
(m2V2 −m
2
V1
)
+Dvij , (19)
where
AV1 = vvdh
2,
AV2 = vvuk
2,
WV1 = vvdh
2(4M2Q + 5v
2
dh
2 − v2uk
2) ,
WV2 = vvuk
2(v2uk
2 − v2dh
2) , (20)
where mVi (i = 1, 2) are the masses of the vector-like
quarks.
The radiative corrections due to the loops of the vector-
like scalar quarks are given as (i, j = 1, 2)
M V˜ij =
4∑
k=1
3m2
V˜k
32pi2
(
log
m2
V˜k
Λ2
− 1
)
∂2m2
V˜k
∂Si∂Sj
4+
4∑
k=1
3
32pi2
log
m2
V˜k
Λ2
(
∂m2
V˜k
∂Si
)(
∂m2
V˜k
∂Sj
)
,(21)
where the first-order derivative ∂m2
V˜k
/∂Si is given explic-
itly by
∂m2
V˜k
∂Si
= −
Aim
6
V˜k
+Bim
4
V˜k
+ Cim
2
V˜k
+Di
4m6
V˜k
+ 3Am4
V˜k
+ 2Bm2
V˜k
+ C
, (22)
and the second-order derivative ∂2m2
V˜k
/∂Si∂Sj by
∂2m2
V˜k
∂Si∂Sj
= −
Aijm
6
V˜k
+Bijm
4
V˜k
+ Cijm
2
V˜k
+Dij
4m6
V˜k
+ 3Am4
V˜k
+ 2Bm2
V˜k
+ C
+
(Aim
6
V˜k
+Bim
4
V˜k
+ Cim
2
V˜k
+Di)
(4m6
V˜k
+ 3Am4
V˜k
+ 2Bm2
V˜k
+ C)2
× (3Ajm
4
V˜k
+ 2Bjm
2
V˜k
+ Cj)
+
(Ajm
6
V˜k
+Bjm
4
V˜k
+ Cjm
2
V˜k
+Dj)
(4m6
V˜k
+ 3Am4
V˜k
+ 2Bm2
V˜k
+ C)2
× (3Aim
4
V˜k
+ 2Bim
2
V˜k
+ Ci)
−
(12m4
V˜k
+ 6Am2v˜k + 2B)
(4m6
V˜k
+ 3Am4
V˜k
+ 2Bm2v˜k + C)
3
× (Aim
6
V˜k
+Bim
4
V˜k
+ Cim
2
V˜k
+Di)
× (Ajm
6
V˜k
+Bjm
4
V˜k
+ Cjm
2
V˜k
+Dj) .(23)
The explicit expressions for the various coefficients in the
above formulae are given in the Appendices: A, B, and C
in Appendix I, Ai, Bi, Ci, and Di (i = 1, 2) in Appendix
II and Aij , Bij , Cij , and Dij , (i, j = 1, 2) in Appendix
III.
III. NUMERICAL ANALYSIS
For numerical analysis, we simplify our formulae by
assuming that k = h, MQ = MU , mQ = mT , m1 =
m2 = m3 = m4, and bφ = bΦ. We set m1 = m2 =
m3 = m4 as Mφ. Note that these simplifications reduce
the number of independent parameters, but we are still
left with a number of them: mdu and tanβ in M
0, µ,
mQ = mT , and At in M
t, and Mφ, k, and bφ in M
V
andM V˜ . We set the allowed ranges for these parameters
as follows: 0 < mdu (GeV) < 200, 2 < tanβ < 30,
150 < µ (GeV) < 500, 500 < mQ (GeV) < 700, 500 <
At (GeV) < 700, 0 < k < 0.5, 300 < Mφ (GeV) <
500, 300 < Ak (GeV) < 500, and 300 <
√
bφ (GeV) <
500. Here, the lower bound on the value of µ is set by
the experimental constraint on the chargino system, the
upper bound on the Yukawa coupling coefficient of k is
set as 0.5 in order to escape the Landau pole at a high
energy scale. The upper bound on the SUSY breaking
soft masses on the scalar top quark sector are set as 700
GeV because we do not want a large fine tuning. For the
top quark mass, we take 171 GeV and assume that it is
200
400
600
800
1000
1200
50 75 100 125 150 175 200 225 250 275 300
mS1 (GeV)
mS2 (GeV)
FIG. 1: The distribution of 50,000 points of (mS1 , mS2),
at the one-loop level. The allowed ranges of the parame-
ter values are 0 < mdu (GeV) < 200, 2 < tan β < 30,
150 < µ (GeV) < 500, 500 < mQ (GeV) < 700, 500 <
At (GeV) < 700, 0 < k < 0.5, 300 < Mφ (GeV) < 500,
300 < Ak (GeV) < 500, and 300 <
√
bφ (GeV) < 500.
smaller than the masses of the scalar top quarks. It is
obtained that the masses of the vector-like quarks lies in
the range of 300 GeV to 550 GeV, and the masses of the
vector-like scalar quarks in the range of 200 GeV to 910
GeV.
Now, let us study GZZSi (i = 1, 2), the coupling coef-
ficients of the neutral scalar Higgs bosons to ZZ. In the
SM, the corresponding quantity is given as
GZZH = g2mZ/ cos θW (24)
where θW is the weak mixing angle, and H is the neu-
tral scalar Higgs boson of the SM. We introduce the nor-
malized coupling coefficients G¯ZZSi , which are defined
as GZZSi/GZZH . These normalized coupling coefficients
satisfy a sum rule:
2∑
i=1
G¯2ZZSi = 1 . (25)
For a given set of parameter values, we calculate the
masses of the neutral scalar Higgs bosons at the one-loop
level, as well as their normalized coupling coefficients.
The LEP2 collaborations have established the model-
independent upper bound on the squared coupling coeffi-
cient of a neutral scalar boson to a pair of Z bosons, as a
function of the mass of the neutral scalar boson [48]. For
given mass of S1, we may compare G¯ZZS1 with the LEP2
result. If G¯ZZS1 is larger than the upper bound set by the
LEP2 result, we should increase the mass S1 until G¯ZZS1
becomes smaller than the LEP2 result. In this way, the
5lower bound on the mass of S1 can be established. We
examine 50,000 sets of parameter values, and select those
sets that satisfy the LEP2 constraint. Those parameter
sets yield the masses of the vector-like quarks within the
range of 300 to 550 GeV, and the masses of the vector-like
scalar quarks in the range of 200 < mV˜i (GeV) < 910
(i = 1− 4).
Our results are shown in Fig. 1, where we plot
(mS1 ,mS2) for the selected parameter sets. The lower
bound on mS1 is determined by the LEP constraint.
One may note in Fig. 1 that the mass of S1 at the
one-loop level may be as large as 280 GeV. This upper
bound is reasonably larger than the previous result. In
the previous investigation, the mass of the lighter neu-
tral scalar Higgs boson is predicted to be less than 200
GeV [46]. Thus, the upper bound is considerably im-
proved. We attribute this improvement to the differ-
ence in approximations. In Ref. [46], it is assumed that
MQ,MU ≫ kvu, hvd and bΦ = bφ = 0. Thus, the mass
matrix of the vector-like scalar quark is decomposed into
two 2 × 2 submatrices. In our numerical analysis, these
approximations are removed though some other simplifi-
cations are still used. In other words, we explore a wider
region in the parameter space. We note that it is possible
to examine the full parameter space of our model if no
approximation is made in the numerical analysis. Nev-
ertheless, mS1 ∼ 280 GeV can relieve the experimental
pressure on our model in the sense that it allows the fu-
ture collider experiments a wider chance to discover the
lightest scalar Higgs boson of our model.
IV. CONCLUSIONS
We consider the Higgs sector in an extension of the
MSSM with the vector-like quarks and scalar quarks. A
reasonable parameter region is set, and the neutral scalar
Higgs boson masses are calculated using the effective
Higgs potential at the one-loop level, where the radia-
tive corrections due to the contributions from the loops
of top quark, scalar top quarks, as well as the vector-
like quarks and vector-like scalar quarks, are taken into
account. We find that the contributions from the vector-
like quark and scalar quark loops are significantly large,
if we calculate in detail, with fewer approximations, for a
wider parameter space. The mass of the lightest neutral
scalar Higgs boson of our model at the one-loop level lies
within the range of 85 to 280 GeV, while being consistent
with the LEP2 constraint.
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Appendix I
The coefficients A, B and C in formulae (22) and (23)
are expressed as in the following:
A = A+ A˜,
where
A = −2M2Qφ − 2h
2v2d,
A˜ = A(vd ↔ vu, h↔ k,Ah ↔ Ak),
and M2Qφ =M
2
Q +M
2
φ.
B = B + B˜,
where
B = 3M4Q + 6M
2
φM
2
Q + 6h
2v2dM
2
Q + 3M
4
φ + h
4v4d − b
2
φ
−A2hv
2
d + 4h
2M2φv
2
d + 2h
2k2v2du − h
2µ2v2u
−2hkM2φvdu + 2hµAhvdu,
B˜ = B(vd ↔ vu, h↔ k,Ah ↔ Ak),
where vdu = (v
2/2)sin2β.
C = C + C˜,
where
C = −2M6Q − 6M
2
φM
4
Q − 6h
2v2dM
4
Q − 6M
4
φM
2
Q
−2h4v4dM
2
Q + 2A
2
hv
2
dM
2
Q − 8h
2M2φv
2
dM
2
Q
−4h2k2v2duM
2
Q + 2h
2µ2v2uM
2
Q + 4hkM
2
φvduM
2
Q
−4hµAhvduM
2
Q − 2M
6
φ + 2h
2k2µ2v4d + 2b
2
φM
2
Qφ
−2h2M4φv
2
d + 2h
2b2φv
2
d + 2A
2
hM
2
φv
2
d + 4hkµbφMφv
2
d
−4hAhbφMφv
2
d + 2h
2A2kv
2
du − 2h
2k2M2φv
2
du
−2h4k2v4dv
2
u + 2h
2µ2M2φv
2
u + 4hkM
4
φvdu
−4hµAhM
2
φvdu + 4h
2µbφMφvdu − 4hAkbφMφvdu
+4h3kM2φv
3
dvu − 4h
2kµAkv
3
dvu,
C˜ = C(vd ↔ vu, h↔ k,Ah ↔ Ak).
Appendix II
The coefficients Ai, Bi, Ci, and Di (i = 1, 2) in formulae
(22) and (23) are expressed as in the following:
A1 = −4h
2vd,
A2 = A1(vd ↔ vu, h↔ k,Ah ↔ Ak),
B1 = 4v
3
dh
4 + 8k2vdv
2
uh
2 + 12M2Qvdh
2
+8M2φvdh
2 − 4kM2φvuh+ 2µAhvuh
6−2k2µ2vd − 2A
2
hvd + 2kµAkvu,
B2 = B1(vd ↔ vu, h↔ k,Ah ↔ Ak),
C1 = −8M
2
Qv
3
dh
4 − 8k2v3dv
2
uh
4 + 12kM2φv
2
dvuh
3
−4k4vdv
4
uh
2 + 8k2µ2v3dh
2 + 4A2kvdv
2
uh
2
−16k2M2Qvdv
2
uh
2 − 8k2M2φvdv
2
uh
2 + 4b2φvdh
2
−12M2QM
2
Qφvdh
2 − 4M2QφM
2
φvdh
2 + 4k3M2φv
3
uh
−12kµAkv
2
dvuh
2 + 4µbφMφvuh
2 − 4k2µAhv
3
uh
+8kµbφMφvdh− 8AhbφMφvdh− 4µAhM
2
Qφvuh
+8kM2QφM
2
φvuh− 4AkbφMφvuh+ 4k
2A2hvdv
2
u
+4k2µ2M2Qφvd + 4A
2
hM
2
Qφvd + 4k
2µbφMφvu
−4kµAkM
2
Qφvu − 4kAhbφMφvu,
C2 = C1(vd ↔ vu, h↔ k,Ah ↔ Ak),
D1 = −6h
4k2µ2v5d + 10h
4kµAkvuv
4
d + 4h
4M4Qv
3
d
+4k2µ2A2hv
3
d − 8h
2k2µ2M2Qφv
3
d + 8h
2kµAhM
2
φv
3
d
+8h4k2M2Qv
2
uv
3
d − 16h
3kµbφMφv
3
d + 2A
2
hkvduvu
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2
Qφvuv
2
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2
d
−12h3kM2QM
2
φvuv
2
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2
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d
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2
φvuv
2
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2
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2
d
−4h4A2kvduvuv
2
d − 2k
2µ2M4Qφvd − 2A
2
hM
4
Qφvd
+4h2M2QM
4
Qφvd − 2k
4A2hv
4
uvd + 4h
2k4M2Qv
4
uvd
+4kµAhb
2
φvd − 4h
2b2φM
2
Qvd − 8h
2b2φM
2
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2
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4
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4
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2
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2
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2
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+8h2kAkbφMφvduvu,
D2 = D1(vd ↔ vu, h↔ k,Ah ↔ Ak),
Appendix III
The coefficients Aij , Bij , Cij , and Dij , (i, j = 1, 2) in
formulae (22) and (23) are expressed as in the following:
A11 = −4h
2,
A22 = A11(vd ↔ vu, h↔ k,Ah ↔ Ak),
A12 = A21 = 0,
B11 = 12v
2
dh
4 + 12M2Qh
2 + 8M2φh
2 + 8k2v2uh
2
−2k2µ2 − 2A2h,
B22 = B11(vd ↔ vu, h↔ k,Ah ↔ Ak),
B12 = B21 = 8h
2vduk
2 − 2hM2φk + 2hµAh,
C11 = −24M
2
Qv
2
dh
4 − 24k2v2duh
4 + 24kM2φvduh
3
−12M4Qh
2 − 4M4φh
2 − 4k4v4uh
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2
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2
φh
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2
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2
−16k2M2Qv
2
uh
2 − 8k2M2φv
2
uh
2 − 24kµAkvduh
2
+8kµbφMφh− 8AhbφMφh+ 4k
2µ2M2Qφ
+4A2hM
2
Qφ + 4k
2A2hv
2
u,
C22 = C11(vd ↔ vu, h↔ k,Ah ↔ Ak),
C12 = C21
= −16k2v3dvuh
4 + 12kM2φv
2
dh
3 − 12kµAkv
2
dh
2
+4µbφMφh
2 + 8A2kvduh
2 − 16k2M2Qvduh
2
−8k2M2φvduh
2 − 4µAhM
2
Qφh+ 4kM
2
QφM
2
φh
−4AkbφMφh+ C˜12,
D11 = −30k
2µ2v4dh
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4
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2
dh
4
−12A2kv
2
duh
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2
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3
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2
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2
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2
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2
QφM
2
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2
−24k2µ2M2Qφv
2
dh
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2
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2
uh
2 + 12k2M4φv
2
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2
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uh
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2
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2
uh
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2
uh
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2
φ
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2
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2
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2
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2
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2
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2
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4
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2
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4
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2
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2
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2
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2
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2
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D22 = D11(vd ↔ vu, h↔ k,Ah ↔ Ak),
D12 = D21
= 8h4v3uk
4 − 8A2hvdv
3
uk
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3
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4
−18h3M2φv
2
duk
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dk
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2
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2
φk − 2hb
2
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2
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2
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dk
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2
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2
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2
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2
hkvdu
+16h2AkbφMφvduk + 2hµAhM
4
Qφ −Ahkb
2
φ
−6h2AhkM
2
φv
2
d + 12h
3AkbφMφv
2
d − 6hµ
3Ahv
2
dk
2
−4h2µbφM
2
QφMφ + 4hAkbφM
2
QφMφ
−8h2A2kM
2
Qφvdu + 8h
3µAkM
2
φvdu + D˜12,
where Ahk = AhAk.
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